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It is shown that every k-edge-connected digraph with m edges and n vertices 
contains a spanning connected subgraph having at most (2m f 6(k - l)(n - l))/ 
(5k - 3) edges. When k = 2 the bound is improved to (3m + 8(n -- l))/IO, which 
implies that a 2-edge-connected digraph is connected by less than 70% of its edges. 
Examples are given which require almost two-thirds of the edges to connect all 
vertices. 
We will consider finite directed graphs, or digraphs, in which loops and 
parallel edges are allowed. Edges and paths are always assumed to be 
directed. All paths are assumed simple (no repeated vertices) and non-closed, 
i.e., not circuits. Circuits are also assumed to be simple. In the obvious way 
we define the initial and terminal endpoints of a particular edge (not a loop) 
or path, and incoming and outgoing edges (a loop is considered neither) at a 
particular vertex. 
A digraph is l-connected, or just connecfed, if for any two vertices P and 
Q, there exists a path from P to Q. A digraph is k-connected if it remains 
connected after removal of any k - 1 edges. 
We will refer to sub-digraphs of a digraph as simply “subgraphs.” No 
non-directed graphs will be considered here. By a spanning subgraph of a 
digraph D we will mean a connected subgraph having the same vertex set as 
D. The purpose of this paper is to establish upper bounds for the minimum 
number of edges needed to form a spanning subgraph of a k-connected 
digraph having a given number of edges and vertices. 
It is well known that a connected digraph with 12 vertices always has a 
spanning subgraph with at most 2(n - 1) edges. This is proved in 12, 
Theorem 4.2, p. 20; 31. This bound is easily seen to be best possible among 
functions of n alone. More generally, we will consider bounds of the form 
am + b(n - I), where m is the number of edges and a and b are non- 
negative, Our method of proof will be an inductive process (Lemma 1) along 
with a simple but crucial observation (Lemma 2). 
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If D is a digraph and E is a subgraph of D, we define the reduced digruph 
D/E by removing all edges of E and identifying the vertices of E. It is not 
assumed that all edges in D which have both endpoints in E are necessarily 
edges of E: those which are not, become loops in the reduced digraph. 
LEMMA 1. Let k be a positive integer, let a and b be non-negative real 
numbers, and suppose that every k-connected digraph with at least two 
vertices has a subgraph E with at least two vertices and a spanning subgraph 
E, of E such that 
r,<ar+b(s- l), 
where r0 is the number of edges of E,, r is the number of edges of E, and s is 
the number of vertices of E. Then every k-connected digraph with m edges 
and n vertices has a spanning subgraph with at most am + b(n - 1) edges. 
Proof. This holds trivially for digraphs with one vertex because a > 0. 
Thus let D have n > 2 vertices and assume that the result is true for all 
digraphs having fewer than n vertices. By assumption, D has a subgraph E 
as in the lemma. Clearly the reduced graph D/E is k-connected and has 
n - s + 1 < n vertices; so D/E has a spanning subgraph with at most 
a(m - r) f b(n - s) edges. The corresponding edges of D, along with the r,, 
edges of E,, form a spanning subgraph of D having at most am + b(n - 1) 
edges. 
For the next lemma, we define a circuit with d diagonals to be a digraph 
which, upon removal of d of its edges, becomes a circuit having the same 
vertex set. Moreover, we consider only circuits of length at least 2. Thus, a 
circuit with d diagonals consists of a circuit of length 22 and d “extra 
edges” involving no new vertices. 
LEMMA 2. Every k-connected digraph with at least two vertices contains 
a circuit with k - 1 diagonals. 
Proof. Fix a maximal path in the digraph and consider the outgoing 
edges at the terminal endpoint. There must be at least k such edges and by 
maximality of the path, all of these must have their terminal endpoint 
somewhere on the path. One of these edges completes a circuit which has all 
of the others as diagonals. 
THEOREM 1. Let D be a k-connected digraph with m edges and n 
vertices. Then D has a spanning subgraph with at most 
edges. 
2m+6(k- l)(n- 1) 
5k- 3 
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ProoJ This is trivial if n = 1. Assuming n > 1, D contains a circuit with 
k - 1 diagonals. If the length of the circuit is at least 4, then D contains a 
subgraph E (the circuit with diagonals) having a spanning subgraph E, (the 
circuit alone) such that, in the notation of Lemma 1, r = s + k - 1, r,, = s, 
and s > 4. Setting a = 2/(5k - 3) and b = 6(k - l)/(Sk - 3), we have rO < 
ar+b(s- 1). 
Next, suppose that D contains a circuit of length exactly 2 having k - 1 
diagonals. Let P and Q be the vertices of this circuit. If D contains at least k 
edges in each direction between P and Q, then D contains E and E, as in 
Lemma 1 having parameters r = 2k, s = r,, = 2. With a and b as before, we 
have rO = ar + b(s - 1). Thus without loss of generality we assume that D 
contains fewer than k edges from P to Q. Then by k-connectivity, D contains 
a path from P to Q which is not an edge. Together with the ‘edges between P 
and Q, this gives a circuit of length at least 3 having at least k diagonals. 
Finally, it remains to consider the case in which D contains a circuit of 
length exactly 3 having at least k - 1 diagonals. Denote the vertices by P, Q, 
R, and assume that the edges of the circuit go form P to Q, from Q to R, and 
from R to P. If D contains at least 2k + 1 edges having both vertices on the 
circuit, then D contains E and E, as in Lemma 1 having parameters 
r > 2k + 1, s = r,, = 3. Again, rO < ar + b(s - I). Thus we can assume that D 
contains fewer than k edges from P to Q and fewer than k edges from Q to 
R. Then D contains paths (x from P to Q and /3 from Q to R, neither of which 
are edges. If a does not pass through R, then D contains a circuit of length 
at least 4 having at least k diagonals; this case has already been covered. 
Similarly we are finished if p does not pass through P. 
Thus we assume that a passes through R and p passes through P. Denote 
by j, the part of p going from Q to P. If a and y intersect at any vertex other 
than P and Q, then there is either a path from Q to R not passing through P 
and not an edge, or else a path from R to P not passing through Q and not 
an edge. In either case D contains a circuit of length at lea.st 4 having at 
least k diagonals, and we are finished. Thus we assume that a and y intersect 
only at their endpoints. Then a and y form a circuit. If this circuit has length 
at least 4, then it contains at most two edges whose endpoints are among P, 
Q, R, and then it has at least k diagonals; in that case we are finished. In the 
only other case, there are edges from P to R, from R to Q, and from Q to P. 
In that case, consider the subgraph E of D having vertices P, Q, R and 
containing all edges in D whose vertices are among P, Q, and R. Recalling 
that E has at most 2k edges, we note that E is not k-connected. (If it were, 
then it would have at least k outgoing edges and k incoming edges at each 
vertex, hence, at least 3k edges.) It follows that D contains a path having 
both of its endpoints in E but no edges in E. Since E contains edges both 
ways between each pair of its vertices, we obtain a circuit in 13 of length at 
least 4 having at least k diagonals. That completes the proof. 
It has recently been shown 111 that a k-connected digraph with n vertices 
always has a k-connected spanning subgraph with at most 2k(n --. 1) edges. 
In conjunction with this fact, the bound obtained in Theorem 1 represents an 
improvement over the bound 2(n -- i ). 
The fact that a k-connected digraph has at least k outgoing edges and k 
incoming edges at each vertex implies that m > kn, were m is the number of 
edges and n is the number of vertices. Combining this with Theorem 1, we 
obtain a bound which is independent of n. 
COROLLARY. Every k-connected digraph with m edges has a spanning 
subgraph with at most 
edges. 
(8k - 6)m - 6k(k - 1) 
k(5k - 3) 
In general, we would like to determine all non-negative pairs (a, b) such 
that the bound am t b(n - 1) holds for all k-connected digraphs. We know it 
holds for the three pairs 
(0,2), 
2 6(k - 1) 
Sk-3’ 5k-3 ’ 
8k - 6 
k(5k- 3)” 
with strict inequality in the last case. It follows trivially that the result holds 
for all pairs on the segments joining these points and in the region above and 
to the right of these segments. (For example, if (a, b) is on the segment 
joining the first two points, then am + b(n - 1) is greater than or equal to the 
minimum of 2(n - 1) and the bound in Theorem 1.) Moreover, the digraph 
with two vertices and k edges in each direction shows that the result cannot 
hold for any pair below the line 2ka + b = 2. This leaves the question 
unsettled for a triangular region of pairs (a, b). In Section 3 we will give 
examples which reduce the undecided region for all k. For k = 2, we can 
reduce this region by improving the bound in Theorem 1 as follows: 
THEOREM 2. Every 2-connected digraph with m edges and n vertices has 
a spanning subgraph with at most 
3m + 8(n - 1) 
10 
Edges. 
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Proof. This is trivial if n = 1. Assuming rt > 1, we will show that D 
contains subgraphs E and E, as in Lemma 1 having one of the following sets 
of parameters: 
(1) s>2, r=s+2, rO=s, 
(2) ~25. r=s+ 1, r,=s, 
(3) s > 6, r = s + 4, rO = s + 1, 
(4) s>9, r=s t3, rO=s+ 1. 
All of these satisfy 
r < 3r+8(s- 1) 
01 10 ’ 
so the result will follow by Lemma 1. 
By Lemma 2, D contains a circuit with a diagonal. If such a circuit has 
length 2 or 3, then the proof of Theorem 1 shows that D contains a circuit 
with two diagonals, hence E and E, exist with parameters as in (1). In that 
case, we are finished. Moreover, if a circuit with a diagonal has length at 
least 5, then E and E, exist with parameters as in (2); again, we are finished. 
Thus, we can restrict ourselves to the case in which no circuit has two 
diagonals and every circuit with one diagonal has length exactly 4. 
Fix a circuit with a diagonal and label its vertices consecutively as P, Q, 
R, S. Thus we assume edges exist from P to Q, Q to R, R to S, and S to P. 
Moreover, there is no loss of generality in assuming that the extra edge (the 
*‘diagonal”) goes from R to S, from R to Q, or from Q to S. We will refer to 
these three cases as 1, 2, and 3, respectively. 
2se 1 Case 2 Case :: 
FIGURE 1 
Call a path in D basic if its endpoints are among P, Q, R, S but none of 
its intermediate vertices are. Two basic paths will be said to intersect if and 
only if they have a common intermediate vertex. Note that the only basic 
paths from P to Q, Q to R, R to S, or S to P are edges because of our 
assumption that every circuit with a diagonal has length 4. Moreover, if two 
basic paths a and B intersect, then there is a basic path from the initial 
endpoint of a to the terminal endpoint of r9 (assuming that these endpoints 
are distinct). It follows that a basic path starting at P cannot intersect one 
which terminates at Q, one which starts at Q cannot intersect one which 
terminates at R, etc. 
We introduce the following generic notation for basic paths (with may or 
may not exist) in D: 
a from P to S, 
p from S to R, 
y from R to Q, 
6 from Q to P, 
7c from P to R, 
p from R to P, 
u from S to Q, 
r from Q to S. 
None of these can be edges in case 1. In case 2 only y can be an edge, and in 
case 3 only t can be an edge. Also, our observations above show that the 
following pairs cannot intersect: o and y, a and u, /3 and 6, /3 and p, y and t, 
6 and K, R and y, 7c and u, p and a, p and z, u and 6, u and p, t and & t and 
n. 
Now we take into account the fact that D is 2-connected. Paths, other 
than edges, must exist from S to P, from P to Q, and from Q to R. Each of 
these paths consists of either two or three basic paths since it cannot itself be 
basic. Taking into account all possibilities, we find that one of the following 
combinations of basic paths must exist in D: 
(a) a, PI y, 4 
(b) 0, A Y, P, 7, 
(c) a, P7 4 0, 
(d) P,Y,~.G 
(4 a, P, p, (5, 5, 
(0 B, YT % P, 59 
(g) &To, 
@I 71, P, f-J, 5. 
The verification of this is left to the reader. 
Suppose combination (a) occurs. We know a does not intersect 6. If p 
intersects a, then combination (d) occurs, which we will consider later. If /I 
intersects y, then combination (c) occurs. Thus, we can assume that /I does 
not intersect any of the paths y, 6, a. There is a simple path from R to S 
consisting entirely of edges from y, 6, and a, and which therefore does not 
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intersect /I. Moreover this path cannot be basic, so it must pass through at 
least one of the points P and Q. Combining this path with j3, we obtain a 
circuit with two diagonals. But we assumed that no such circuit exists. 
Next, suppose combination (b) occurs. We know that p does not intersect 
a or /?. If a intersects /3, then combination (f) occurs, which we will consider 
later. Thus assume a and /3 do not intersect. Then a, /3, and p form a circuit 
having two diagonals in D, contrary to assumption. 
Suppose combination (c) occurs. We know that o does not intersect a or 
6. If a does not intersect 6, then a, cr, and 6 form a circuit having two 
diagonals in D. Thus, assume a and S intersect. Then there is a basic path r 
formed from the edges of a and 6. Clearly r is not a single edge, and 
moreover we know that t cannot intersect p. 
Case 1. There is an extra edge from R to S. Then /3 must have length 3. 
Consider the graph E formed by /3, r, the edges from S to P, P to Q, Q to R, 
and both edges from R to S. Removing the edge from Q to R and one of the 
edges from R to S gives a spanning subgraph E, of E. If r has length at least 
4, then E and E, have parameters s, r, rO as in (4), and we are finished. 
Thus, assume t has length at most 3. Then either the first edge of 6 has its 
terminal endpoint on a or else the last edge of a has its initial endpoint on 6. 
In the former case, consider the graph E formed by a, 6, the first edge of 6, 
edges SP. PQ, QR, and both edges RS. A spanning subgraph E, is obtained 
by removing the first edge of 6, edge PQ, and one edge RS. E and E, have 
parameters as in (3) and we are finished. In the other case, form JZ by taking 
6. O, the last edge of a, SP, PQ, QR, and both edges RS. E, is obtained by 
removing the last edge of a, edge SP, and one edge RS. Again, the 
parameters are as in (3), and we are finished. 
Case 2. There is an extra edge from R to Q. Then this edge and paths r 
and /3 form a circuit having two diagonals in D. 
Case 3. There is an extra edge from Q to S. Then r and edges SP and 
PQ form a circuit having a diagonal in D, implying that r has length 2. Then 
the first edge of 6 has its terminal endpoint on a and the argument is 
completed as in case 1. 
The argument for combination (d) is similar to that for (c), except that in 
case 2 a circuit having two diagonals is formed from 6. II, and edge RQ. 
Next. suppose combination (e) occurs. We know p does not intersect a or 
,8. If a intersects p, then combination (h) occurs, which we will consider 
later. If a and p do not intersect, then a, p, and p form a circuit having two 
diagonals in D. 
The ,argument for combination (f) is similar to that for (e). 
Suppose combination (g) occurs. The paths 6, rc, and o are mutually non- 
intersecting: so along with edge RS they form a circuit having four diagonals 
in D. 
Finally, suppose combination (h) occurs. We know p does not intersect u. 
Moreover IS must have length 2 because u, QR, and RS form a circuit having 
a diagonal in D. Let P’ denote the intermediate vertex of (T. We can assume 
that the analog of combination (h) occurs for the circuit P’QRS; so in 
particular there is a path x’ from P’ to R not passing through Q or S. If ;?’ 
passes through P or intersects p, then there is a basic path (which is not an 
edge) from S to P, which is impossible. Thus assume otherwise and consider 
the graph E formed from z’, p, edges PQ, QR, RS. SP, SP’, P’Q, and the 
extra edge of circuit PQRS. A spanning subgraph E,, is obtained by 
removing edges SP, P’Q, and the extra edge of PQRS. E and E, have 
parameters as in (3) and the proof of Theorem 2 is complete. 
COROLLARY. Every 2-connected digraph with m edges has a spanning 
subgraph with at most (7m - 8)/10 edges. 
Proox 2-connectivity implies m > 2n. 
As an application of Theorem 2, we obtain lower bounds for the 
maximum number of combinatorially independent circuits in a connected 
digraph. Call a set of circuits combinatorially independent if each contains 
an edge which is not contained in any of the others. It is clear that a 
connected digraph D contains at least m - m, combinatorially independent 
circuits, where m is the number of edges in D and m, is the minimum 
number of edges in a spanning subgraph of D. 
THEOREM 3. Let D be a connected digraph with m edges and n vertices, 
and let i(D) denote the maximum number of combinatorially independent 
zircuits in D. Then 
i(D) 2 
7m-8(n- 1) 
10 
with strict inequality holding if D is not 2-connected; 
i(D)>$(m-n+ 1) (2) 
except when m = 0; and 
3m + 8 
i(D) > 10 (3) 
y D is 2-connected and m > 2. 
Proof: All of these hold when n = 1. Proceeding by induction on the 
lumber of vertices, assume n > 1. If D is 2connected, then all of these 
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inequalities follow from Theorem 2 and the fact that m >/ 2n, along with the 
observation that i(D) > m - m,. If D is not 2-connected, then D contains an 
edge e whose removal destroys connectivity. Let D/e denote the digraph 
obtained from D by removing e and identifying its endpoints. D/e is 
connected, so by inductive hypothesis, we have 
We) Z 
7(m - 1) - 8(n - 2) 
10 
and 
i(D/e)>-$(m--n+ 1). 
Moreover every circuit in D/e can be extended to a circuit in D by (if 
necessary) adding e; this follows from the fact that removal of e destroys 
connectivity of D. Thus i(D) > i(D/E) and the proof is complete. 
Inequality (2) is particularly interesting in light of the fact that m - n + 1 
is the maximum number of linearly independent circuits in D, where we 
regard a circuit as a formal sum of edges and hence as a vector in R”. 
A CONJECTURE 
Finally we consider the problem of determining those pairs (a, 6) of non- 
negative real numbers for which Theorem 2 holds with the bound replaced 
by am + b(n - 1). Let S denote the set of all such pairs. We have seen that S 
contains (0,2), (3/10,4/5), and (7/10,0). Moreover it is clear that S is 
convex. Consequently, S contains the entire closed region above and to the 
right of the segments joining these three points. On the other hand the 2- 
connected digraph with m = 4 and n = 2 shows that S contains no points 
below the line 4u + b = 2. Further information is provided b,y the following 
examples: 
Fix an integer t > 2 and consider a digraph D, having vertices Pi, Qi, Ri, 
and edges PiQi, QiPi+, , Pi+,Ri, RiPi, RiQi, and QiRi for each i= l,..., t, 
with indices taken modulo t. 
'i 
--- Pi 
0 
Pi+, --- 
FIGURE 2 
D, has 3t vertices and 6t edges and is easily shown to be 2-connected. D, has 
no spanning subgraph with fewer than 4t -- I edges. It follows that it 
(a, b) E S, then for each t > 2, 
4th1<6ta+(3t-1)b. 
Letting z+ CO, we obtain 
4 < 6a f 3b. 
The diagram below summarizes what we know about the set S. 
FIGURE 3 
We conjecture that S includes the entire trapezoid iabelled “?,” including the 
boundary. It would be sufficient to show that S contains (l/3,2/3). 
Conjecture. Every 2-connected digraph with m edges and n vertices 
contains a spanning subgraph with at most 
m+2(n- 1) 
3 
edges. 
This would follow easily (via Lemma 1) from 
Conjecture. Every 2-connected digraph with at least two vertices 
contains a circuit with two diagonals. 
The example D, given above can be generalized to a k-connected digraph 
for any k > 2 by introducing multiple edges. If k = 2h, replace each edge of 
D, by h edges. The result is a k-connected digraph D,,, with 3kt edges and 3t 
vertices, and whose smallest spanning subgraph has 4t - 1 edges. If 
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Theorem 1 holds for a fixed even k with the bound replaced by 
am + b(n - l), then for each t > 2 
4t- 1,<3ktu+(3t- l)b; 
hence. 
4 ,< 3ka + 3b. 
For odd k = 2h + 1, a k-connected digraph Dr,k can be obtained from D,+,- I 
by introducing one more edge from Pi to Qi, from Qi to Pi + , , from Pi+ I to 
Ri, and from Ri to Pi for each i. D,,, has (3k + l)t edges, 3t vertices, and its 
smallest spanning subgraph has 4t - 1 edges. If Theorem 1 holds for a fixed 
odd k with the bound replaced by am + b(n - l), then 
4 ,< (3k + 1)~ + 3b. 
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